Introduction
The direct−injection (DI) readout circuit is the main type of readout circuits for hybrid infrared focal plane arrays (IR FPAs) intended for operation in the LWIR spectral band (8 to 14 μm) [1] . In Refs. 2, 3, and 4, the system "photo− diode−DI readout" was analyzed considering a simplified "classical" photodiode model
where h K is the quantum efficiency of the photodiode, I B is the current induced by background radiation, I 0 is the pho− todiode saturation current, V PD is the voltage drop across the photodiode, and R S is the photodiode shunt resistance. The purpose of the present study was to develop a more accurate model and a computer code (on Mathcad) for analyz− ing the operation of LWIR FPAs and thermography systems based on Hg 1-x Cd x Te photodiodes and DI readout circuits [5] .
Mathematical model for the system "Hg 1-x Cd x Te photodiode -DI readout"
Our model for the current−voltage characteristics (CVC) of Hg 1-x Cd x Te photodiodes takes into account the following mechanisms of charge transport in the p−n junction, the background illumination current I B , the diffusion current I diff , the thermal generation−recombination current I SRH , the tunnelling current I TAT through localized levels within the bandgap in the depleted region of the p−n junction, the interband tunnelling current I BTB [6] , and also the Shokley− −Read−Hall current I SRH n,p through the trap centres in quasi− neutral n and p regions, the Auger current I Au , and the radiational generation−recombination current I rad in the p−n junction and in the quasineutral regions [1, 7] 
The above mechanisms are assumed to be independent of each other, and are taken into account additively, except for the thermal generation−recombination and trap−assisted tun− nelling, because the intensity of both processes is determined by the trap occupation. The two current mechanisms have been modelled in the approximation of balance equations for carriers at trap levels [7] [8] [9] . We assumed the presence of lo− calized donor−type centres in the band gap with the energy E t = 0.6 -0.75E g (the energy E t is reckoned from the valence band edge) [10, 11] . Briefly, the essence of the method can be described as follows. A free carrier can be captured at a local− ized trap state or be emitted from it by thermal generation/re− combination or by tunnelling. The probability of those pro− cesses is determined by the trap occupation, by the location of traps inside the p−n junction, and by the bias voltage. The generation−recombination current density is obtained through integration of recombination rates over the coordinate inside the p−n junction. The integrals that arise here cannot be com− puted analytically, so we do that numerically. Through an ap− propriate fitting of the parameters, with known electro− physical parameters of the substrate and its growth technol− ogy, this model of Hg 1-x Cd x Te photodiodes allows one to compute the diode I-V characteristics and their dependence on the stoichiometric composition and on the temperature.
The main electrophysical parameters of Hg 1-x Cd x Te photodiodes adopted in the calculation of their current−volt− age characteristics are listed in Table 1 . The transconductance of the input−gate modulated chan− nel in weak inversion regime g In is given by [12] 
where I In is the current integrated in the readout circuit, V G is the input gate potential, q is the electron charge, N* = (C OX + C D + C SS )/C OX , C OX is the specific capacitance of gate dielectric, C SS is the electrical capacity of fast surface states, C D is the capacitance of the depletion region, k is the Boltzmann constant, and T is the temperature. The injection efficiency is
where g In = 1/R PD , R PD is the dynamic resistance of the photodiode, and C In is the input capacitance of the photode− tector channel. The noise charge Q(t) integrated under the accumulation gate of the DI readout circuit can be calculated as a McDonalds function expressed in terms of spectral density S i (w) [13] 
The spectral density of the noise current in the input−gate modulated channel is given by 
The first, the second, the third, and the fourth terms in Eq. (6) stand for the thermal noise of the input field effect 
In estimating the 1/f noise of the gate−modulated channel Q 2 , also expressed as the number of noise electrons, while performing integration, the fact should be taken into account that the readout regime involves a high−pass filter with the transfer characteristic 
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The fourth term in Eq. (6) stands to allow for the 1/f noise of the photodiode, 
The detectivity of the photodetector channel in which photosignals are readout from the IR photodiode into the DI input is given by
where Q 1 to Q 4 are the four−noise components that enter Eq. (6), and Q other are the rest noise components, for instance, the noise induced by the downstream amplifiers, etc. The noise−equivalent temperature difference of the ther− mography system is given by [1] (12) where dR/dl is the blackbody spectral emissivity, F/f is the relative optical aperture, f is the focal distance, G Op is the optical transmission of the system, S(l) is the atmospheric transmission; and l 1 and l 2 are the short and long cutoff wavelengths of the photodetector.
The calculations start from specifying the values of electrophysical and design parameters of readout circuits, of photodiode. Then, the background radiation level and the operating regime of the IR FPA are to be calculated [4, 5] . At the given input gate voltage V G , we calculate the currents I In and I PD . The voltage across the photodiode can be deter− mined from the condition I In = I PD . In the next cycle, a new value is to be assigned to V G , and all the characteristics are to be recalculated. The solution of the self−consistent prob− lem for the photodiode current and for the currents inte− grated in the readout circuit allows the main characteristics of the system to be calculated, including the injection effi− ciency h I , the current I In integrated in the readout circuit, and the detectivity D*, as functions of the bias applied to the input gate. The values of electrophysical and design para− meters of the silicon readout circuits that were adopted in the present calculations are given in Table 2 . In calculating the background radiation intensity enter− ing into the photodiode in the spectral range from l 1 to l 2 , l 1 = 4 μm, for the blackbody temperature, the value 300 K was adopted and the aperture angle was defined by the rela− tive aperture of the optical system, F/f = 0.5, G Op = 0.9. For l 2 = 10 μm, with the adopted values of electrophysical and design parameters of the Hg 1-x Cd x Te photodiodes and read− out circuits, and under the assumed level of background radiation [see Fig. 2(a) ], the system "photodiode -DI" was nearly an ideal system. For an ideal system, with increasing the voltage V G , when the injection efficiency h I nearly rea− ches unity, for the readout−integrated current we have I In »I ph , and the value of D*, limited by the photodiode current noise Q 3 , coincides with the theoretical limit of detectivity in BLIP operation (D BLIP * ). In the latter case, the characterristics of IR FPAs based on DI readout circuits can be evaluated using the generally accepted simplifications [2, 3] . For multi−element IR FPAs, it is significant that the detectivity D* and the current I In at V G > 1.22 V are almost independent of V G .
For l 2 = 13 μm [ Fig. 2(b) ], the detectivity D * starts exhibiting a different behaviour as a function of V G , its 1 and 2) is essential only at the biases V G < V G0 , this noise therefore does not limit the detectivity of IR FPAs. The knowledge of indivi− dual noise components allows one to optimize the electro− physical and design parameters of both the photodiodes and readouets. Figure 3 shows the curves of D*(V G ) and the dependen− ces Q 1 (V G )-Q 5 (V G ) analogous to those shown in Fig. 2(b) but calculated assuming the charge capacity of the readout circuit to be Q 3H = 20 Me.
A comparison between the calculated dependences shows that the maximum detectivity rather weakly depends on the charge capacity of the readout circuit; yet, with an increase of D* and, hence, with an increase in accumulation time, the dependence of D * on V G becomes more clearly manifested because of the increase in the photodiode− −induced 1/f noise component. As it will be shown below, for multi−element IR FPAs, because of the dispersion of threshold voltages under the input gates of readouts, this may lead to a decreased value of D* for a considerable frac− tion of photodetector channels and to a degraded value of NETD for thermography systems based on such IR FPAs. Figure 4 shows the calculated maximum values of D * (V G ) vs. the cutoff wavelength l 2 .
At temperature 77 K and for l 2 > 10 μm, the detectivity of the system "Hg 1-x Cd x Te photodiode -DI readout" for photodiodes with electrophysical parameters indicated in Table 1 , case 1 (curve 1 in Fig. 3 Table 1 , case 1.
Fig. 3. The dependences D*(V G ) (right axis), and Q
, and Q 5 (V G ) (left axis), calculated for l 2 = 13 μm. The photodiode temperature is 77 K, and the charge capacity of the readout circuit is Q CC = 20 Me. The electrophysical parameters of the photodiodes adopted in calculations are indicated in Table 1 , case 1.
parameters indicated as case 2 in Table 1 , the long−wave limit of photosensitivity at which D * becomes close to D BLIP * shifts towards longer wavelengths, curve 2. On cooling pho− todiodes down to 60 K, the detectivity D * becomes close to D BLIP * up to a wavelength of 14 μm (curves 3 and 4). Figure 5 shows the calculated dependences of NETD on the long−wave cutoff of the photodiode spectral response. For an ideal thermography system (curve 1) with the IR FPA detectivity equal to D BLIP * throughout the whole spec− tral range of FPA operation, and with the accumulation time equal to the frame time T ac = 20 ms, we obtain the well−known dependences NETD (l) which show that the temperature resolution improves with increasing the wave− length l 2 [16, 17] .
The curves of NETD calculated with allowance for the detectivity of the photodetector channels based on the sys− tem "Hg 1-x Cd x Te photodiode -DI readout" at T H = 20 ms (case 1 in Table 1 ) are shown as curves 2 and 3 in Fig. 5 for temperatures 60 and 77 K, respectively. The temperature resolution reaches a maximum value at some wavelength l 2 , and then decreases. The position of the maximum reso− lution is defined by the electrophysical parameters of the Hg 1-x Cd x Te photodiodes and by the optical transmission of the system. Yet, the main factor that limits the temperature resolution is the charge capacity of the silicon readout cir− cuit (curves 4-7), the charge−capacity value Q 3H = 5·Me is typical of readout circuits intended for operation with 2D multi−element photodetector arrays with frame accumula− tion of photosignals (at 30−μm photodetector pitch) [1] . The temperature resolution of thermography systems with typi− cal values of Q CC = 5 Me (curve 5) for l 2 = 8 μm is one order of magnitude, and for l 2 = 14 μm, two orders of mag− nitude worse than that of an ideal thermography system (curve 1). The temperature resolution can be substantially improved by increasing the charge capacity of silicon readout circuits (curves 6 and 7) [18] .
Calculated characteristics of IR FPAs
The dependences D * (l 2 ) and NETD (l 2 ) in Figs. 4 and 5, calculated for different charge capacitances of readout cir− cuits with the adopted values of electrophysical parameters of Hg 1-x Cd x Te photodiodes, define the ultimate perfor− mance characteristics of thermography systems. In the pre− sent study, these dependences were calculated using the maximum values of D * (V G ). For multi−element IR FPAs, because of the technology−defined scatter of threshold volt− ages under the input gates of readouts, one fails to ensure the biasing of photodiodes with optimal voltages [2, 19] . The non−uniformity of threshold voltages gives rise to a residual fixed−pattern noise (RFPN) and, for some portion of photodetector channels in IR FPA, to a considerable reduc− tion of D * and NETD figures, which can be even more dra− matic than that in Figs. 4 and 5. An additional cause for enhanced level of spatial noise and for reduction of D * and NETD figures in multi−element IR FPAs can be the compositional non−uniformity of the substrate on which the Hg 1-x Cd x Te photodiodes were fabricated [1] .
In evaluating the non−uniformity of performance charac− teristics of multi−element IR FPAs, it is generally assumed that the scatter of threshold voltages and the non−uniformity of substrate composition obey the normal distribution law. In the present study, a total of two hundred realizations were considered. The photo−induced current was calculated with Table 1 , case 1, and curves 2 and 4, for Hg 1-x Cd x Te photodiodes with parameter values indicated in Table 1 , case 2. Curve 5 is the cal− culated curve of D BLIP *. The charge capacity of the readout circuit is taken to equal Q CC = 5·Me. due allowance for long−wavelength photosensitivity limit individually for each of the photodiodes. The accumulation time was defined by the charge capacity of the readout cir− cuit and by the maximum photodiode current (in two hun− dred realizations). For multi−element FPAs with l 2 ³ 11 μm, at the mean composition of the Hg 1-x Cd x Te photodiode sub− strate x = 0.2168 with dispersion s(x) = 0.1%, the cutoff wavelengths are scattered in the interval between 11 and 11.8 μm. Our calculations, performed on the assumption that the dispersion of threshold voltages (standard devia− tion) equals s(V th ) = 5 mV, show that, here, the NETD fig− ures at T = 77 K fall into the interval from 11 to 18 mK (here, the values of electrophysical parameters indicated in Table 1 , case 1, were adopted). Note that for an individual photodetector channel, the noise−equivalent temperature difference is 10.8 mK (see curve 5 in Fig. 5 ) and it well agrees with typical NEDT values reported in the literature [20] . In the spectral range with l 2 £ 10-11 μm the detecti− vity D* of photodetector channels in IR FPAs based on the system "photodiode -DI readout" is almost independent of V G [ Fig. 2(a) ] and, hence, the primary cause for degradation of NETD performance is the compositional non−uniformity of the substrate. With increasing the long−wavelength photosensitivity limit, the uniformity requirements to the threshold voltages of readout input gates and to the composition of the Hg 1-x Cd x Te substrate become more stringent. Figure 6 shows the calcu− lated histograms of I In , D*, and NETD in thermography sys− tems with Hg 1-x Cd x Te photodiodes whose photoelectrical parameters are indicated in Table 1 , case 1.
With the mean substrate composition x = 0.2105 and its dispersion s(x) = 0.1%, at T = 77 K we have a scatter of long cutoff wavelengths from 12 to 13.2 μm. Here, the gate voltage in the readout circuit is V G = 1.235 V, this value being optimal for the adopted environmental radiation con− ditions and electrophysical and design parameters of the readout photodiodes. For an individual channel, at l 2 = 12 μm, the maximum detectivity D*(V G ) = 7.4×10 10 cmHz 1/2 W -1 (curve 1 in Fig. 4) , the noise−equivalent temperature differ− ence NETD = 0.023 K (curve 5 in Fig. 5 ), the thresh− old−voltage non−uniformity s(V th ) = 5 mV, and the substrate compositional non−uniformity s(x) = 0.1% translate into a two−three−fold reduction of NETD for a considerable fraction of photodetector channels. Figure 7 shows the scatter of NETD values in thermo− graphy systems calculated for Hg 1-x Cd x Te photodiodes with photoelectrical parameters, the same as in Fig. 6 , but under more stringent requirements imposed on s(V th ) and s(x): s(V th ) = 2 mV and s(x) = 0.03%.
A comparison between Figs. 6 and 7 shows that, through an improvement in the threshold−voltage uniformity and the compositional uniformity of the substrate, the input currents I In in multi−element IR FPAs are expected to fall into the range (7.3-9.9)×10 -8 A, and one can achieve a substantial improvement in NETD figures in thermography systems.
Thus, already with l 2 > 11-12 μm, the characteristics of thermography systems are primarily defined by the scatter of threshold voltages and by the compositional non−unifor− mity of the Hg 1-x Cd x Te substrate.
In thermography systems based on multi−element FPAs operating in the spectral range 13-14 μm, under an accept− able level of spatial noise, at T = 77 K NETD figures close to those in Table 1 , case 2, l more stringent requirements to the uniformity of thresh− old voltages in readout circuits and to the substrate com− positional non−uniformity need to be met. Simultaneously, requirements to s(V th ) and s(x) more strict than those adopted in the calculations illustrated by Fig. 7 go beyond the state−of−the−art technology limit in terms of dispersions s(V th ) and s(x) presently achievable both in silicon CMOS technology and in the epitaxial tech− nology of Hg 1-x Cd x Te layers [1, 21, 22] .
As our calculations show, one can realize a thermo− graphy system operating in the spectral range up to 14 μm with an NETD performance close to the theoretical limit in terms of NETD at an acceptable level of RFPN by lowering the operating temperature of the hybrid module below liq− uid−nitrogen temperature, for instance, to 60 K.
The variation of the hybrid−module operating tempera− ture allows one to analyze the time drift of IR FPA parame− ters induced by temperature instability, this in turn permits formulation of requirements to be imposed on the cryostat and on the cooling system.
The calculation procedure developed in the present stu− dy enables an analysis of multi−element IR FPAs using experimental current−voltage characteristics of IR photo− diodes. For such an analysis to be performed, current−volt− age characteristics of the photodiodes should be measured in the dark and under illumination of IR FPA with black− body radiation at a given aperture. Then, the above−descri− bed procedure can be used to model the main performance characteristics of multi−element IR FPAs, including the spatial− −noise level, and NEDT and detectivity histograms. More− over, one can carry out various numerical experiments, for instance, those aimed at analyzing the dependences on the bias voltage at the input gates of readouts and at performing a detailed comparison with experimental dependences.
It should be emphasized here that the numerical values of a 1 , a 2 , a 3 , and K used in the present study were borrowed from Refs. 14 and 15, these values can be substantially dif− ferent from the experimental values measured on particular FPAs mated to silicon readout circuits. Other values of numerical coefficients and refined models for photodiode current−voltage characteristics can be easily introduced in the developed computer code, allowing an improved accu− racy in predicting the characteristics of IR FPAs. The charge capacitance of the readout circuits is Q CC = 5·Me.
Conclusions

